Summary. This paper describes the behavior of a naturally fractured reservoir when a well is producing through a vertical fracture with uniform flux or infinite conductivity. The reservoir model is a double-porosity medium, and both pseudo-steady-state and transient-interporosity-flow models are studied. The derivative vs. time for each solution is shown, and an analysis method for matching field data to such a model is presented.
Introduction
Most transient-flow solutions concern the behavior of homogeneous formations. This paper is an extension of one of these solutions to fissured systems.
The double-porosity medium, a representation of naturally fractured reservoirs, was first introduced by Barenblatt and Zheltov! and Barenblatt et at. 2 Warren and Root 3 introduced the ratio of storativities and the interporosity-flow parameter and showed that these two parameters are sufficient to describe the medium. Further studies were made to adapt dOUble-porosity solutions to practical cases encountered in petroleum engineering-e.g., wellbore storage and skin effects 4 and interference tests. 5 • 6 Other fundamental aspects of interporosity-flow models, including layering and interporosity flow, were developed. [7] [8] [9] Gringarten et at. 10 studied the behavior of a homogeneous reservoir totally penetrated by a thin vertical fracture. The problem was first solved by assuming a uniform flux from the reservoir into the fracture, then assuming that the fracture was of infinite conductivity (pressure uniform within the fracture). To our knowledge, no study has been done to extend the fractured-well solution to heterogeneous formations, despite the growing number of cases where heterogeneous models are needed to perform interpretations of well test data. It is unusual to fracture a well when the reservoir is known to have heterogeneities, because fracturing is difficult owing to the high permeability of the fissures. In recent times, some stimulation service companies have been fracturing heterogeneous formations by filling the fissures with a tight material. Furthermore, it is common to fracture layered formations, and the double-porosity model is a limit of the double-permeability model!! when the permeability contrast between the layers increases.
This paper discusses (1) presentation of the separate models, (2) basic tools used to solve the problem, (3) solution for the uniform-flux fracture model, (4) extension of the homogeneous solution to solve the infinite-conductivity model, (5) suggestion of an analysis method, and (6) a general method to extend homogeneous solutions to the dOUble-porosity model. of two distinct porous media of separate porosities and permeabilities: the matrix medium (with a high storativity but a low permeability) and the fissures (high permeability and limited storativity). At each point of the reservoir, we assign two pressures: the matrix pressure, Pm' and the fissure pressure, Pj' Before production, the double-porosity reservoir is in equilibrium (Pm=Pj=Pi)' When we start flowing a well, the fluid will first be produced from and through the fissures, creating a difference of pressure between the two media. At this time, the reservoir reacts as a homogeneous medium corresponding to the characteristics of the fissures, as if the matrix did not exist. Because of this difference of pressure, the matrix will start to feed the fissures with fluid, allowing the production to continue. This period is called the transition period, during Which the radius of investigation does not change. When this transition period is finished, the reservoir reacts as a homogeneous medium with the permeability of the fissures and the storativity of the total system. The transition flow yields an S shape on a log-log graph, which is similar to heterogeneous-system behavior.
If we assume that the fluid is slightly compressible, the diffusivity equation related to the fissures is where Ot is the interporosity-flow shape factor, proportional to the inverse of the matrix block size. 11m at assigning a geometry to the matrix blocks (e.g., slabs or spheres).
Both models lead to similar equations in Laplace space. The S shape is much sharper for the pseudo-steady-state model. The transient model, with a smooth transition, never exhibits a pure earlytime fissure flow.
We model a thin (zero thickness for the formation) vertical fracture of half-length Xj (Fig. 1) totally penetrating a horizontal double-porosity reservOIr initially at constant pressure Pi (Fig. 2) . From time zero, a single-phase, slightly compressible fluid flows from the reservoir into the fracture at a constant total rate, q. There is continuity between the fissure pressure of the reservoir and the pressure in the fracture.
Gringarten et at. 10 solved the homogeneous problem by cutting the whole fracture into m elements. In the uniform-flux case, the elements are of equal length, and we assume that the flow from the reservoir into the fracture is uniform, equal to q/m for each element. In the infinite-conductivity case, we assume that the pressure is uniform within the fracture. Because most of the flow at late times comes from the extremities of the fracture, the size of the chosen elements may be larger at the center. The partition of the flow rates is a function of time and stabilizes at late times. On a log-log graph, a fracture is characterized by an early-time half-slope straight line, corresponding to linear horizontal flow orthogonal to the fracture plane. This is valid only when wellbore storage is negligible and the early-time behavior is not obscured by a unit slope. At late times when the radius of investigation becomes much larger than the fracture length, the fractured well behaves as a well with negative skin. The value of the skin corresponds to an equivalent radius equal to one-quarter of the fracture length.
A numerical simulation of the infinite-conductivity case showed that, at late times, the pressure drop in the fracture is the same as that calculated in the uniform-flux model at the point (O.732x f ,O). This approximation may be used to generate infinite-conductivity type curves easily, because the uniform-flux solution is analytically unknown for a homogeneous medium. 
Basic Tools Used To Solve the Problem
10 -\ 10 .£I . when the reference length doubles. The same remark is valid for a nonfractured well, where the choice of well bore radius will modifY the value of A. For this reason, the order of the value of A will be much larger in this case than in previous studies. At early times, the line-source solution follows the homogeneous line source corresponding to the fissures, and depends on w only. The time when the transition occurs is a function of the group Arb only. The thin curves on Fig. 3 are a set of fissure flow and transition curves.
Line Green's Function. We call PLG (rD,t D ) the dimensionless line Green's function for a double-ponfsity meqium. It is a dimensionless pressure drop at Point M (OMD=rD) at time tD caused by an instantaneous unit production at Point 0 (from a vertical line going through 0) at time O. It is shown in Appendix A that More generally, the pressure response to an instantaneous production through a system (well, fracture, etc.) actually matches the pressure derivative of constant production through the same system. For the derivative type curves, 13.14 the best way is to mUltiply the Green's function by tD'
The Green's function is computed from its Laplace transform, with the Stehfest algorithm. A typical line Green's function is shown in Fig. 4 . The function tDPLG D is shown on a log-log graph and compareq with its homo- ... .. geneous equivalent (w = 1). The infinite-acting radial flow corresponds to the horizontal line tDPW =0.5, and the transition corresponds to a dip in the curve. The ~ifference between the two curves at early times comes from the choice of the total system storativity as reference. The heterogeneous early-time flow is translated by log(w) cycles to the left. The curves would match if the fissure storativity were taken as a reference.
Figs. 5 and 6 show the influence of the reservoir parameters on the line Green's function. A higher value of A corresponds to a higher ability of the matrix to feed the fissures and therefore an earlier transition. A higher value of w will increase the transition dip.
In the previous examples, only the pseudo-steady-state model was shown. The transient-flow models are qualitatively the same, but the transition is much smoother. The line Green's function for the transient models never goes below the 0.25 horizontal line.
Solution for the Unlform·Flux Fracture Model
The dimensionless pressure drop at a point (xD'YD) at a time tD caused by a constant production through a uniform-flux fracture is given by averaging the line-source solution on the fracture. It is given in the integral form
The Laplace transform of this equation is ... . . where xi is the center of the segment i. The advantage of performing the averaging in Laplace space is that we need only one numerical inversion to compute one value of the solution and therefore save computer time. The drawback is that we have to be cautious of early-time data because of the inaccuracy of the Stehfest ' algorithm for small arguments. The choice of m also has an influence on the early-time accuracy. The larger m is, the closer the solution obtained fits an early-time half-slope corresponding to linear flow. If we are looking for the pressure at a point of the fracture, we have to be sure that none of the Xi coincide with this point. For example, measuring the pressure at the center of the fracture requires an even number of production points. Fig. 7 presents a typical solution of the uniform-flux problem measured at the center of the fracture. The three flow periods typical to heterogeneous systems are shown. At early times, the pressure follows the fissure flow curve starting by the early-time half slope. This fissure flow curve is the homogeneous solution translated log(w) cycles to the left. After the transition, the pressure follows the total flow curve, which is the actual homogeneous solution.
Considering that a log-log analysis of field data would require a match on a fissure flow region, it appeared easier to merge the fissure flow curve. This was done by replacing the dimensionless time in Eq. 5 by 
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Physically, we now use the fissure storativity as a reference. Comparing with the previous case, the solutions are translated by log(w) to the right on a log-log plot. The fissure flow curve is unique, corresponding to the homogeneous solution, and the total flow curves depend on w. This configuration is used in the rest of the study. Fig. 8 is a type curve for the uniform-flux solution in the case of pseudo-steady-state interporosity flow. The dip corresponding to the transition can be divided into two phases. The beginning of the transition (negative slope) is a functi~ of A only. A type curve can be generated for a given value of).. by taking w=O. The end of the transition (positive slope) depends on the group AW only. A type curve can be generated by taking a small value of w (e.g., 10-5 ) and keeping AW constant. This approximation is strictly valid when infinite-acting radial flow has been reached before the start of the transition. If it is not the case, the descending curves will always fit, but there will be a small divergence from the rising curve. In this case, the derivative type curves have to be taken as an indication only. Fig. 11 shows a set of rising and descending curves. The homogeneous solution and its derivative are shown as references (thick curves).
Influence of Wellbore-Storage Effects. The previous study was done with wellbore-storage effects neglected. how small and large afterflows affect the shape of the pressure response. In the case of a low wellbore storage relative to the size of the fracture, the early-time half slope can still be seen. In the case of a large storage, the typical behavior of fractured wells is hidden by a unit slope. However, we get to a C D e 2s curve with a negative skin. 
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Extension of the Homogeneous Solution to the Inflnlte·Conductlvlty Model
In the infinite-conductivity case, the pressure within the fracture is assumed to be uniform. The partition of the rates is uniform at early times as long as the linear flow (half slope of the log-log plot) lasts. After this early-time period, the flow rates increase at the extremities of the fracture, which are open to a wider reservoir area.
Strictly speaking, there is no analytical solution for the infiniteconductivity problem, even in the case of a homogeneous medium. Gringarten et al. 10 ran a simulation of the model by cutting the fracture into m elements in which the flow was assumed to be uniform. From time tn to time tn+l> the total rate of fluid in Element i was called qn,i and was computed by equating the pressures of all the elements at time t n + l' This type of solution was abandoned in the double-porosity case, because the uniformflux solution, which had to be applied to each element, is not known analytically. Generating a solution of 10 log cycles would require 10 9 Stehfest numerical inversions.
The simulation for the homogeneous case showed that after stabilization of the flow rates, the pressure response would be the same as the solution of the uniform-flux case, measured at the point (0.732x f ,0). This approximation can be extended to the doubleporosity medium. At early and late times, the reservoir has a homogeneous system behavior and therefore the stabilized flux-point approximation is as valid as in the homogeneous case. The time of transition is a constant independent of the distance between the production and observation points. It is the same for both fracture models when considered as a superposition of line sources.
Thus, the following solution for the infinite-conductivity-fracture case is a natural extension of the approximation used to solve the homogeneous case.
Computing the solution from Eq. 22 at Point (0.732x f ,0) required caution in choosing the elements. fracture was separated into two pieces (left and right of the observation point). These two pieces were cut into ml and mz elements (Fig. 14) , respectively, with ml +m2 =m, and the lengths 1.732x"ji ml ana 0.268.x/mz were as close to each other as possible. The line-source solutions were weighted by the length of the corresponding elements in respect to the uniform-flux assumption.
The solution was therefore given in Laplace space by This solution converges as quickly (when m increases) as Eq. 22 for Point O. The curves obtained for the infinite-conductivity fracture are qualitatively the same as the uniform-flux solutions. Only the shape is slightly different at intermediate times. In view of the number of diagrams that would be required, it appeared useless to repeat the process of describing the effect of each parameter, the shape of the derivative, and the influence of wellbore storage, because the type curves, unless matched, looked identical. . As a reminder, Fig. 15 shows the difference between the two solutions and their deriv/ltive for the homogeneous case. The thick curve is the infinite-conquctivity solution; the thin curve is for uniform flux.
Suggested ,."thods of Analysis
There are more models in the recent literature because the multiplication of parameters led to greater difficulty in formalizing a conventionalanalysis method. Five parameters are involved with this model: fracture half-length, xf; permeability, k; ratio of storativities, w; interporosity-flow parameters, A or (3; and wellbore-storage constant (if applicable), C fD .
Furthermore, with the current accuracy of transient-rate measurements, it wOllla be unlikely and dangerous to use such a refined model on drawdown data, even after deconvolution. However, a buildup or multirate analysis involves a pressure response different from the drawdown solutions previously generated. For ideal drawdown data, without wellbore storage, the standard graphical analysis method is explained in the section titled Ideal Drawdown Method. A better way to use this model is to generate the solution with a computer and to compare the generated solution and its derivative to the actual data. This way is explained in the section titled Solution Generated With a Computer. A method to isolate specific behavior, as an alternative to or as a crosscheck of the above methods, is described in the section titled Specialized Analysis.
Ideal Drawdown Method. The conditions under which the classic, graphical, type-curve-matching technique can be used are limited. It is only possible in the' absence of wellbore-storage effects and when the transition appears exclusively during the linear flow or during the infinite-acting radial flow. We describe this method only to help understand this model.
In the case of a high wellbore storage, the linear flow will be completely masked and the usual analysis methods, with a low value 
. (29)
If the transition occurs during the linear flow, there are two parallel straight lines of slope 1/ 2 • The procedure would be to slide the first . half slope of the data on the leftmost half slope of the model until a correct match of the data after transition is found. If you use the derivative, you can also slide the first half slope of the data on the left half slope of the model until the derivative of the infinite-acting radial flow reaches the 0.5 horizontal line of the type curve. Ideally, the match will be unique.
If the transition occurs during infinite-acting radial flow, match the data before transition on the leftmost type curve or on the derivative type curve, as for a homogeneous reservoir. The match is also unique. In both cases, the calculation of parameters is as follows. The time match and pressure match give k and xf' explained in more detail in the following section. The choice of the total flow curve gives w. The choice of the transition curve between fissure flow and total flow gives A. For the transient-interporosity flow, it is very difficult to evaluate w, because the response is not very sensitive to this parameter. Therefore, the result should be used carefully.
Solution Generated With a Computer. The method described in the previous section can be useful to obtain a qualitative diagnosis of what happens and a first rough estimate of the parameters. The procedure for analysis by computer would be to generate the solution explained in this paper, superposing the drawdown solutions to take the rate history irito account. This solution might be time-consuming for high values of the Stehfest parameter and the number of simulated sources. It is oply in the case of low wellbore storage that these two numbers have to be high to simulate the early-time linear flow correctly. The use of double precision is a must. The influence of parameters is as follows.
XI' xf has been used as the reference for dimensionless parameters. Therefore, it is not explicit in the solution. To increase xf by a factor A, it is necessary to multiply A by A2 and to divide CfD by A 2 simultaneously (because of Eqs. 10 through 12 and 27). The time match will also be modified (Eq. 23), but this will not affect the shape of the solution on a log-log scale.
A. Increasing A's value increases the potential of the matrix to react to the pressure signal from the fissures. Multiplying A by A will divide the start and end of the transition by A. A does not affect the amplitude of the transition on a log-log scale.
w.
C/ D • The well bore-storage effect is in early-time behavior and is superimposed on the linear-flow behavior. In practice, wellborestorage effects will almost always mask the effects of the linear flow. It is important to notice that the dimensionless expression for C is different from the one used for the wellbore-storage and skin type curves. With fractured well models, the reference distance is the fracture half-length. If C is not affected, the dimensionless value might be misleading. In the same way, A represents ~ behavior of the reservoir but is a dimensionless term; for the same reservoir, it will depend on the reference length considered. The "true absolute" interporosity-flow parameters are not dimensionless and are ex, IIh;" and IIr;, (Eqs. 10 through 12). This remark also applies to unfractured wells, when the wellbore effective radius varies from one well to another. Specialized Analysis. Specialized analysis is possible only when a behavior clearly occurs independently of any others (pure wellbore storage, pure linear flow, transition, or infinite-acting radial flow). Therefore, it cannot be a full alternative to the direct model generation.
Pure Wellbore Storage. Measuring the early-time slope in the linear plot of flp vs. flt gives wellbore-storage constant. When applicable, it can be an alternative to or a check of the log-log time match.
Pure Linear Flow. Measuring the early-time slope in the linear plot of flp vs. flt gives a relation between k and xf' When applicable, it can be an alternative to or a check of the log-log time match. Infinite-Acting Radial Flow. Measuring the slope of the semilog straight line (before or after transition) gives kh. When applicable, it can be an alternative or a check of the log-log pressure match.
Transition. When the transition occurs after a first infinite-acting radial-flow period, the pressure can show two parallel straight lines. Considering the intersection of these two lines with the log-time axis, the ratio of the smallest to the highest gives an estimate of w.
General Method to Extend Homogeneous Solutions to the Double.Porosity Model
If we consider simple well models, it is easy to see that the Laplace transform of the homogeneous and double-porosity solutions, when amdytically known, are very close to each other. For example, the Laplace transforms ofthe line-source solutions in the homogeneous and fissured cases are and
s 516 respectively. Replacing s by sf(s) in the homogeneous solution would "almost" give the dOUble-porosity solution. When this study was first presented, Gringarten et at. 10 suggested the idea that the solution might be computed qirectly with & similar process.
In Appendix B, it is shown that the double-porosity problem, in terms of the pressure derivatives, is exactly equivalent to the homogeneous problem when replacing s by sf(s), provided that the boundary conditions of the problem are not a function of time.
Thus, this method can be tried for the uniform-flux case and can also be applied to the approximation of the infinite-conductivity case with the flux point. It cannot be used directly on the infiniteconductivity model, because the rates from the reservoir to the fracture change at intermediate times.
The process to follow is shown in Fig. 16 . If the homogeneous solution is known analytically, we can either compute its derivative, then its Laplace transform, or the reverse. If we compute the Laplace transform first, only a multiplication by s is required to get the derivative. Then we just have to replace s by sf(s) to get the Laplace transform of the derivative. Dividing by s will give the Laplace transform of the qefinitive solution. At this point, a Stehfest numerical inversion (and only one) will givethe result. It is important to note that all these steps (except the last one) have to be performed analytically.
The solution for the uniform-flux fracture in a homogeneous medium measured at any point of the fracture is At the time of this publication, no analytical form of the Laplace transform has been found for any of these functions. Such a solution would provide a considerable saving of computer time when the curves are generated. The subject remains open, and such a process could be applied to other problems.
Conclusions
The increasing numbers of transient models are an answer to a need resulting from increases in accuracy and reliability of downhole pressure gauges and from the development of computer-aided analysis. The solutions presented in this paper fill one of the theoretical "gaps" required to enable computers to generate any combination of models. All the data of postfracture tests in an already naturally fissured formation seen to date present a high afterflow that hides the early-time linear flow. Therefore, it is difficult to use this solution for a hand type-curve match. The recent decision from some stimulation service companies to fracture fissured formations should increase the rate of encounter of such behavior in the field. 
